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Approximate Logic Synthesis for Dot-Inverter
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Yi-Ting Li*™, IThao Chen, Yung-Chih Chen", Member, IEEE, and Chun-Yao Wang ", Senior Member, IEEE

Abstract— This article presents a novel approach to approx-
imate logic synthesis (ALS) targeting at Dot-Inverter Graph
(DIG), which is known for its superior expressive ability among
all three-input gates and its potential in the future technology.
We focus on minimizing the size of DIG circuits while maintaining
acceptable error rates (ERs) by introducing a node merging
(NM)-enhanced genetic algorithm (GA)-based approach. The NM
technique reduces the DIG size without altering its functionality,
while the GA, incorporating average relative Hamming distance
(ARHD) and a self-adjusted mutation level (ML), is used for
ALS on DIGs. Our experimental results demonstrated that the
proposed approach achieves a higher reduction rate and less CPU
time on different sizes of circuits compared to the state-of-the-art
ALS approach.

Index Terms— Approximate computing, circuit synthesis.
I. INTRODUCTION

S THE technology node reaches its physical limitation,

new devices are emerging to replace or supplement the
existing CMOS technology potentially. One choice is the
vertical nano-wire field-effect transistor (VNWFET), which
is considered as a good candidate for advanced designs, and
is efficient in three-input logic synthesis [7]. On the other
hand, the Dot gate stands out in three-input logic gates for
its effective expressiveness [29], meaning that Dot gates can
implement the same function more efficiently compared with
using other gates. Like {AND, INV} and {Majority, INV},
{Dot, INV} is also functionally complete, meaning that it can
express all Boolean functions by combining members in the

Received 24 October 2024; revised 24 February 2025 and 11 June 2025;
accepted 9 August 2025. Date of publication 27 August 2025; date of current
version 23 March 2026. This work was supported in part by the Ministry
of Science and Technology (MOST) under Grant MOST 111-2221-E-007-
121 and Grant MOST 111-2221-E-011-137-MY3; in part by the National
Science and Technology Council (NSTC) under Grant NSTC 112-2218-E-
007-014, Grant NSTC 112-2221-E-007-106-MY2, Grant NSTC 112-2221-E-
007-108, Grant NSTC 112-2425-H-007-002, Grant NSTC 113-2425-H-007-
004, Grant NSTC 113-2640-E-011-003, Grant NSTC 113-2221-E-007-082-
MY3, Grant NSTC 114-2221-E-007-125-MY3, Grant NSTC 114-2218-E-007-
002, Grant NSTC 114-2221-E-007-126-MY3, and Grant NSTC 114-2425-H-
007-002; and in part by the National Tsing Hua University (NTHU) under
Grant NTHU 110A0119EX, Grant NTHU 111A0131EX, and Grant NTHU
112A0241EX. This article was recommended by Associate Editor E. Testa.
(Corresponding author: Yi-Ting Li.)

Yi-Ting Li and Chun-Yao Wang are with the Department of Computer
Science, National Tsing Hua University, Hsinchu 300044, Taiwan (e-mail:
yitingli.yt@gmail.com; wcyao@cs.nthu.edu.tw).

Thao Chen is with Incentia Design Systems Inc., Santa Clara, CA 95054
USA (e-mail: ihao@incentia.com).

Yung-Chih Chen is with the Department of Electrical Engineering, National
Taiwan University of Science and Technology, Taipei 106335, Taiwan (e-mail:
ycchen.ee @mail.ntust.edu.tw).

Digital Object Identifier 10.1109/TCAD.2025.3603509

set. Marakkalage et al. [29] demonstrate that the Dot-Inverter
Graph (DIG) representation has the smallest size when applied
to EPFL benchmarks [5]. These developments motivate our
exploration into logic synthesis to shrink the size of DIG-
based circuits.

Recently, approximate circuits have gained significant atten-
tion [6], [19], [22], especially in applications such as image
processing, where a certain degree of error can be tolerated.
Approximate logic synthesis (ALS) aims to tradeoff accuracy
against reductions in area, delay, or power consumption,
making it a valuable approach for designing more efficient
circuits. It allows for the synthesized circuit to have different
output values from the original ones within an acceptable error
margin. Given the potential of DIGs in minimizing circuit
size, our focus shifts to applying ALS to further optimize
these circuits. By allowing controlled errors, we can achieve
more compact DIG-based circuits, making them suitable for
resource-constrained environments.

Existing studies have demonstrated the effectiveness of
approximate circuits. Some research is applicable in specific
contexts, such as arithmetic circuits [19], [22], [23], [27], [55].
They typically operate at a higher level that is accessible
to designers. This allows for manual execution and offers
scalability for larger circuits. Other studies focused on logic
rewriting methods operated based on the functionality of the
circuit. These methods are performed without knowing the
actual circuit implementation. By understanding a circuit’s
functionality, do not-cares can be extracted and then used for
ALS [35]. Binary decision diagram (BDD)-based synthesis
methods [14], [41] used the graph structure of BDDs to detect
and utilize do not-cares for circuit simplification. However,
as these methods only operate at the Boolean level, the size of
the circuit is determined by the actual implementation. Hence,
an iterative process of finding the smallest implementation is
necessary after performing these methods.

Apart from Boolean-level operations, some studies worked
on the gate-level representation, which allows for a more
precise assessment of the final outcome of an approximate
circuit. These studies typically involved structural analysis
and pruning, resulting in a smaller search space compared
to rewriting. However, it could also limit the potential of
finding the best approximate circuit. Venkataramani et al. [47]
proposed a substitution method to merge pairs of signals
in the circuit that are likely to have the same function for
approximation. Meng et al. [31] and Schlachter et al. [38]
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introduced a structural pruning method by using each node’s
significance and activity in the circuit. Shin and Gupta [40]
used stuck-at fault injection to simplify circuits. Tam et al. [44]
merged gates in the circuits by relaxing conditions for logic
substitution. Wu and Qian [50] simplified circuits by removing
a few literals from the gates’ expression in the circuits and
checking if the resultant error is within constraints. Su et al.
[42], [43] then advanced an error estimation method using
Monte Carlo simulation and logic implication to forecast
circuit errors before applying approximate changes.

However, the previous works apply only one approximate
change per iteration, and operations are greedy. In other words,
they select the operation that maximally reduces the circuit
size in each iteration without considering the global context.
To ensure that the selected approximate changes do not vio-
late given constraints, these methods often involve evaluating
each approximate change in every iteration and selecting the
best one, which can be time-consuming. To address this,
Meng et al. [32] proposed a faster method for evaluating
approximate changes using sensitivity. In addition, to enable
the application of multiple approximate changes in a single
iteration, Wang et al. [49] introduced techniques to effi-
ciently predict the overall impact of a set of approximate
changes. However, due to the limitations of their predic-
tion technique, they only considered approximate changes
without structural dependencies in a single iteration. More
recently, Meng et al. [30] proposed a resubstitution-based ALS
framework. Their method introduced approximate changes by
replacing a target node’s fanins with alternative logic derived
from other nodes, and employed random simulation to effi-
ciently search the candidate nodes. To further reduce runtime,
a knapsack-based selection strategy, together with a proposed
error model, is used to apply multiple approximate changes per
iteration. To reduce the search space, they restricted candidate
nodes to be within the transitive fan-in (TFI) cone of the target
node. While their methods can be used for and-inverter graphs
(AIGs), it is not applicable to DIGs.

Recently, several studies have explored the use of evolu-
tionary algorithms for ALS [17], [25], [34], [39], [45], [46].
Vasicek and Sekanina [45] demonstrated the effectiveness of
Cartesian genetic programming (CGP) for circuit optimization.
Hrbacek et al. [17] extended Vasicek and Sekanina [45] to
the design of multiobjective approximate arithmetic circuits,
incorporating tradeoffs among accuracy, power, and area.
Subsequently, Mrazek et al. [34] developed the EvoApprox8b
library, which provides a Pareto-optimal set of approxi-
mate 8-bit adders and multipliers, enabling flexible subcircuit
replacement across multiple objectives such as power con-
sumption, circuit area, and computational accuracy. However,
these methods have been predominantly applied to arithmetic
circuits, where the structured nature of arithmetic operations
aligns well with CGP’s encoding scheme. For nonarithmetic
circuits, the CGP’s representation becomes less effective.

Genetic algorithm (GA) [16] is a variant of evolutionary
algorithms [13] and is an adaptive search algorithm commonly
used to find optimal solutions [11]. Unlike traditional methods,
GA is often applied to large search spaces to reach the global
optimum gradually. As compared to other algorithms like sim-
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ulated annealing [4], [20], which only performs single-point
searches, GA allows for multiple-point searches, enabling
exploration of different solutions and opportunities of escaping
the local optimum. When applied to logic synthesis, GA can
evaluate multiple changes in the circuit simultaneously, and
its inherent random perturbation mechanism helps explore
solution spaces that are inaccessible to greedy algorithms.
Previous studies had applied GA to circuit optimization, such
as reducing circuit area without changing the circuit’s func-
tionality [18], or reducing model size of Al applications [52],
[54]. By relaxing the accuracy requirements, GA has also
been found to be useful for approximate circuit synthesis [25],
[46]. However, most of these studies only focused on small
benchmarks or the circuits represented by AIGs. Therefore,
we employ GA into our ALS approach for DIGs.

One of the key operations in GA is mutation, where the
encoding of a circuit is altered so that some nodes in the
circuit are removed. Instead of randomly removing nodes,
it can sometimes be beneficial to guide the algorithm using
logic substitution techniques, which can yield better circuit
outcomes. Node merging (NM) is one such node removal
technique used for gate-level circuit simplification, allowing
for the removal of nodes while preserving the overall function-
ality of the circuit. This technique involves selecting a target
node, n;, in the circuit and search for a substitute node, ny,
to replace it. After this substitution, n, and the nodes in its
maximum fan-out-free cone (MFFC) can be removed from the
circuit. An NM technique [9], [10] was introduced to simplify
AIGs using mandatory assignments (MAs) for stuck-at faults.
Subsequently, NM was also applied to circuit simplification
for majority-inverter graphs (MIGs) [21]. The computation of
MAs involves assigning noncontrolling values to propagate
the stuck-at fault effect: in AIGs, the noncontrolling value for
an AND gate is 1, and in MIGs, the noncontrolling pair for
a three-input majority gate is achieved by assigning different
values to its side-inputs. However, DIGs do not possess these
properties. Thus, in this article, we propose a novel NM
technique that can be applied directly to DIGs and can be
leveraged to enhance the performance of our GA-based ALS.
The contributions of this article are threefold.

1) We propose an NM algorithm used for DIG circuits.

2) We propose a GA-based ALS approach for DIG circuits.

3) The proposed algorithms can be integrated together, and
are scalable for larger circuits.

II. PRELIMINARIES
A. Backgrounds

The Dot function is an asymmetric three-input function,
whose function is defined as Dot(x, y,z) = x ® (z + x - y).
A DIG is a directed acyclic graph consisting of only Dot
gates and inverters represented as black nodes on edges. One
example is shown in Fig. 1(a). We also use cycles to represent
Dot gates in the DIG throughout this article. In our DIG
representation as shown in Fig. 1(b), the fanins of a node
are x, y, and z, respectively, from the top to the bottom of
a cycle, which are not marked explicitly. The size of a DIG
refers to the number of Dot gates in the DIG.
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Fig. 1. Example of DIG: its (a) original form and (b) simplified form.

3,,4,,3 |
‘- conflict -~
(a) (b)
Fig. 2. Computation of MAs. (a) Computation of MAs(e = sa0), where

the arrows indicate the fault-propagating path. (b) Inconsistent values in
MAs(e = sa0).

An input-controlling value of a gate g is the input value that
can determine the output value of g. An input-noncontrolling
value is the input value that cannot determine the output value
of g. For instance, the input-controlling value of an OR gate
is 1, and its input-noncontrolling value is 0. A dominator of
a gate g is a gate that must be passed from g to any primary
outputs (POs). A side-input of a dominator d of g is a fan-in
gate of d that is not in the transitive fan-out (TFO) cone of g.

A stuck-at fault is a fault model representing a manufactur-
ing defect on a wire or a gate, which expresses the fault as a
fixed value of 1 or 0, denoted as sal or sa0, respectively. A
stuck-at fault test is a process of generating input patterns such
that the output values of the faulty and fault-free circuits are
different under these input patterns. To detect a stuck-at fault
in the circuit, there must exist value assignments that activate
and propagate the fault effect to any POs; otherwise, the fault
is untestable. An untestable stuck-at fault implies that the fault
site of the circuit can be replaced by the faulty value. This is
because this faulty value cannot be observed at any POs.

The set of MAs for a stuck-at v (sav) fault test on a node n
is denoted as MAs(n = sav). This represents a set of unique
value assignments that activate and propagate the fault effect,
and the value assignments that are inferred from them using
logic implication.

We use the circuit in Fig. 2(a) to explain how MAs are
calculated in a logic circuit. Suppose we want to compute
MAs(e = sa0). First, e should be assigned the value for
activating the fault effect, which is 1. The fault effect is then
propagated along the path, including an OR gate, an AND gate,
and an XOR gate. To propagate the fault effect, the side-inputs
of the OR and AND gates need to be assigned noncontrolling
values, which are d = 0 and a = 1, respectively. The XOR
gate can propagate the fault effect regardless of its side-input
value. Finally, based on logic implication, we can further
deduce (b,c) = (1,1) from e = 1. Therefore, MAs(e =
sa0) = {a = 1,b = 1,¢c = 1,d = 0,e = 1}. During the
process of calculating MAs, conflicts may occur, i.e., the value
assignments are inconsistent. For example, consider another
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circuit in Fig. 2(b). To propagate the fault effect from g to A,
the side-input d of AND gate has to be assigned 1, which leads
to a conflict with d = 0. Thus, MAs(e = sa0) do not exist,
meaning that the sa0 fault at node e is an untestable fault.

B. Node Merging

NM determines if two nodes in a circuit can be merged or
not without affecting the overall functionality of the circuit.
When two nodes can be merged, that means that the error
produced by merging of these nodes cannot be observed at
any PO under all the input patterns. The method first selects
a target node n, in the circuit, then searches for another
substitute node ng satisfying a sufficient condition: Condition
1. If a node satisfies Condition 1, it is considered as ng; and
can be used to replace n;. As a result, the resultant circuit is
minimized.

Condition 1 ( [9], [10]): If ng = 1 and ny = 0 are MAs
for stuck-at 0 and stuck-at 1 fault tests on n;, respectively, ng
(ny) is a substitute node of n,. By contrast, if ny, = 0 and
ny = 1 are MAs for stuck-at O and stuck-at 1 fault tests on
n;, respectively, 7 is a substitute node of n;.

By Condition 1, we know that if we can find a node with
different values in MAs(n; = sa0) and MAs(n, = sal),
respectively, this node is an ng, and the error produced by
the replacement of n; with ny cannot be observed at any POs.
Thus, n; can be replaced by ng. The details of our NM on
DIGs will be discussed in Section III.

C. Genetic Algorithm

Similar to how artificial neural networks mimic the neural
networks in a brain, GAs aim to enhance the quality of a
population, typically represents a set of solutions. It emulates
the principles of genetic diversity and survival of the fittest
individuals in the biological world. In GAs, the smallest unit
is a gene, and the combination of multiple genes is referred to
as a chromosome. Chromosomes determine the characteristics
of an individual, which represents a single solution.

To maintain genetic diversity, GAs select two individuals
from the population to serve as parents. The parents undergo
crossover and mutation operations to produce new individuals,
or called offspring. These offspring are added into the popu-
lation. We apply selection operation with a fitness function,
where individuals with higher fitness values are chosen to
be parents for the next generation. This operation facilitates
the production of fitter offspring. Crossover, mutation, and
selection operations continue until the population is stabilized.

D. Multiobjective Optimization

In most synthesis problems, there exist tradeoffs between
multiple objectives, such as increasing area for reducing delay,
or reducing area at the expense of lower accuracy (i.e., larger
error). The optimal solution to this problem is often referred
to as a knee solution because it is located in the knee area
of the Pareto front [51], [54]. As illustrated in Fig. 3(a),
point S represents the knee solution. Reducing the area at this
knee solution leads to a significant degradation in accuracy,
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Fig. 3. Illustration of two different types of multiobjective optimization,
where the cross-hatched area represents the solution space, the curved line
represents the Pareto front, and the points, S and A, represent solutions.
(a) Knee type. (b) Constrained type.

while reducing the error at this point results in a substantial
increase in area. However, in our ALS problem, it is more of
a constrained multiobjective problem, where we aim to find
the minimum area within a given error constraint. Therefore,
the optimal solution is not in the knee area but in the region
of the Pareto front closest to the constraint, as illustrated by
point S in Fig. 3(b).

E. Error Evaluation

In the ALS, it is crucial to evaluate the circuit’s quality
resulting from approximation. Various evaluation metrics have
been proposed.

Error distance (ED) or error magnitude [26], [33], [36]
represents the numerical difference that arises due to errors
between the approximate circuit and the original one. ED is
commonly used in the evaluation of approximate arithmetic
circuits, such as adders, multipliers, etc. When using this error
evaluation metric, it is necessary to define the representation
of POs, such as the most significant bit (MSB) and the
least significant bit (LSB). Normalized mean ED (NMED)
represents the average ED normalized by the maximum output
value, which is defined as follows:

b)) —v' @) 1
NMED = Z ST X (1)

where v(x) and v/(x) denote the numerical value at the outputs
of the original circuit and the approximate one, respectively,
when a specific input pattern x is applied. |v(x) — v'(x)|
represents the difference between their numerical values. | X]|
represents the number of input patterns in X. |PO| is the
number of POs in the circuit.

Hamming distance [28], [37], [48] measures the number of
bit flips that occurs at the POs due to errors in the approximate
circuit. However, the more common error evaluation metric is
the error rate (ER) [12], [19], [22], [24], [25], [44], which is
formulated as follows:

|Xincorrect|

1X]
where | Xincorrect| T€presents the number of simulation patterns
in X that results in incorrect values at any POs.

In addition, to assess the number of POs affected by errors,
we also utilize another metric, average relative Hamming
distance (ARHD), to guide the evolution in GAs. ARHD is
calculated as follows:

B d(f(x) — f'(x)) o
ARHD = >’ — P X 3)

ER = x 100% 2
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where d(f(x) — f’(x)) represents the Hamming distance
between the approximate circuit and the original one at the
POs when a specific input pattern x is applied. ARHD
assigns a weight to each erroneous input pattern. This weight
represents the proportion of POs that produce incorrect values
under that input pattern. For example, suppose an approximate
circuit C; has eight input patterns in total, and two of these
patterns are erroneous. The first erroneous pattern causes
(1/2) of the POs to produce incorrect values, and the second
erroneous pattern causes (1/3) of the POs to produce incorrect
values. The ARHD of this approximate circuit C; will be
[(1/2) + (1/3)] x (1/8) = 10.42%. Now, consider another
approximate circuit C, which also has two erroneous patterns.
These erroneous patterns cause (1/5) and (1/10) of the POs
to produce incorrect values, respectively. The ARHD for the
circuit C; will be [(1/5) 4+ (1/10)] x (1/8) = 3.75%. Hence,
we consider the circuit C» as a better approximate circuit.

III. NM oN DIGS
A. MA Computation for DIGs

The NM algorithm requires the computation of MAs for
a target node n;. MAs(n; = sal) and MAs(n; = sa0) in a
DIG are the fault-activating value on n,, the fault-propagating
values at side-inputs of n,’s dominators, and the values
inferred by logic implication from these MAs. Here, we first
focus on the generation of fault-activating value and the
fault-propagating values of a Dot gate in DIGs.

To activate the fault effect on n;, we have to assign a
fault-free value at the fault site, i.e., assigning n, = 1 and n, =
0 for n;sa0 fault, and n;sal fault, respectively. To propagate
the fault effect, we have to consider the combinations of value
assignments at the side-inputs of dominators of n; such that
the fault effect can be propagated to any PO. In an AIG,
the fault-propagating values are determined by assigning the
noncontrolling value on all the side-inputs of the dominators of
n;. However, in a DIG, we need to consider a noncontrolling
pair, in which a fault effect can be passed from a Dot gate’s
fan-in to its fan-out, at the side-inputs of each dominator of
n;. Furthermore, since the function of Dot gate is asymmetric,
we need to consider all the cases to propagate the fault effect
to the POs as summarized as follows: 1) the fault effect is at
the input x; 2) the fault effect is at the input y; 3) the fault
effect is at the input z; 4) the fault effects are at the inputs
x and y; 5) the fault effects are at the inputs y and z; 6) the
fault effects are at the inputs x and z; and 7) the fault effects
are at all the inputs.

In the following paragraphs, we will explain the fault effect
propagation of a Dot gate for different cases.

Case (1): Without loss of generality, we assume that the
fault effect is 1/0, and is propagated from other nodes in
the DIG. The side-inputs are input y and input z. According
to the functionality of a Dot gate, we can see that x is a
fan-out and there is an XOR at the end, as shown in Fig. 4(a).
If the fault effects from x reach at both inputs of the XOR,
the fault effects will be canceled out. Hence, by assigning a
controlling value to the AND gate (y = 0) or to the OR gate
(z = 1), we can block the fault effect at the second input of
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1/0
1/0 x Lo | o/r
oy b
) i on (b)
1/0 B /0
1/0 x
1 i 1 1/0 z ’ /1

(d) (e)
Fig. 4. Derivation of the noncontrolling pairs of a Dot gate. 1/0 denotes that
the fault-free value is 1, and the faulty value is 0. 1/0 at the output represents
a testable fault while 0/0 represents an untestable fault. The arrows refer to
the fault-propagating paths. (a) Case (1). (b) Case (2). (c) Case (3). (d) Case
(4): identical fault effects are at the inputs x and y. (e) Case (4): opposite
fault effects are at the inputs x and y.

TABLE I
NONCONTROLLING CONDITIONS FOR CASES (1) TO (7)

Fault effect
Case locations and types Non-controlling cond.
T y z
(1) D y=0o0rz=1
2) D rz=1and z=0
3) D rz=0o0ry=0
D| D z=1
€] DD 5
D D 7}
®) D D’ rz=0
©) D D fault effects are blocked
D D’ y=1
N D| D D’ 7}
others fault effects are blocked

the XOR, as shown in the second and third circuits of Fig. 4(a).
Therefore, the noncontrolling pair (y, z) of Case (1) is one of
the three combinations: {(0, 0), (0, 1), (1, 1)} for fault effect
propagation.

Case (2): The side-inputs are input x and input z. To prop-
agate the fault effect, the AND and OR along the propagating
path should be assigned noncontrolling values, as shown in
Fig. 4(b). Hence, the noncontrolling pair (x, z) of Case (2) is
only (1, 0).

Case (3): The value assignment is shown in Fig. 4(c).
Hence, the noncontrolling pair (x, y) of Case (3) is one of
the combinations: {(0, 0), (0, 1), (1, 0)}.

In addition to the cases that the fault effect is propagated
from one input of a node, the cases that the fault effect is
propagated from more than one input have to be considered.
For these cases, we have to consider whether the fault effects
at the inputs of a node are identical or opposite.

Case (4): In Fig. 4(d), identical fault effects are propagated
to the input x and input y of a node simultaneously. Since the
fault effects are identical, the side-input z has to be assigned
1 to block the fault effect from the second input of XOR, and
propagate the other fault effect to the output. Therefore, the
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1 *: VvV =z 1 ¥{: 0 z
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Fig. 5. Logic implication of a Dot gate, where “-” refers to do not care,

which includes unknown value, “V” refers to a known value, which is either
1 or 0, and “—" and “< refer to logic implications. (a) Forward cases.
(b) Backward cases.

Selecta
node as nt

Compute MAs of nt
sa0 fault

Compute MAs of nt

sal fault Select a node with

different values
between two sets of
MAs as the ns

I

Replace nt with ns, and
select the next nt

.ogic implication

Replace nt with
a constant 1

Replace nt with
a constant 0

Fig. 6. Overall flow of proposed NM on DIGs.

noncontrolling value in Case (4) is z = 1. However, when
the fault effects are opposite, as shown in Fig. 4(e), one fault
effect is propagated to the output under any z value. Therefore,
there is no noncontrolling value in Case (4).

The noncontrolling conditions including Cases (5) to (7)
are summarized in Table I, where “D” represents a fault
effect, i.e., 1/0 or 0/1, at the side-inputs of the dominators
of n; and “D’” represents a negated fault effect of D. It is
worth mentioning that the “fault effects are blocked” under
the Column “Noncontrolling cond.” in Table I, indicates that
the fault effects will never be propagated to the output, which
also means that n; can be replaced with the faulty value.

B. Logic Implications for a Dot Gate

After assigning the fault-activating and fault-propagating
values as MAs, we use logic implications to infer more MAs.
Here, we try to find the sufficient conditions of the logic
value combination to deduce other unknown values within
the circuit. The logic value implications for a Dot gate are
summarized in Fig. 5. When the value at the output can
be inferred based on known values at the inputs, we term
these scenarios as forward cases, as indicated as impl to imp5
in Fig. 5(a). For example, the impl in Fig. 5(a) shows that
(y,2) = (1, 0) implies the output to be 0 without considering
the value of input x due to Dot(x,y,2) =x P (z+x-y) =
x®x = 0. Conversely, when the inputs can be implied from the
known value at the output, we term them as backward cases,
as indicated as imp6 to impl3 in Fig. 5(b). For example, the
imp9 in Fig. 5(b) shows that x = 0 and any known output value
imply that z must be the same value as the output, regardless
of the value of input y.
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TABLE II
DERIVATION STEPS OF LOGIC IMPLICATION FOR ng = SAO
Side-input | Side-input Step| Known value |Implied value | Rule
of vq of vy
a=1 c=0 (1) |a=1,v3=1 ve =0 l:mpZ
=0 v =0 2) 1}:1:0,1)1:0 vs =0 {mp.?
B)|a=0,v1=0 v3 =0 imp3
() |a=1v3=1 vg =0 imp2
a=1 c=0 2) |lvga=0,v1 =1 vy =1 imp3
e=0 vy =1 3B)|vi=1,e=0 vy =0 impl
4 |a=0,v1=1 vy =1 imp3
() |a=1,v3=1 ve =0 imp2
_ _ 2) |[lva=0,v1 =1 vs =1 imp3
a=1 c= .
0 o =1 3) Bl=1,6=0 v2 =0 z.mpI
¢ 1 @ [a=0,v = vs =1 |imp3
B) | c=1,v1 = b=0,d=1[imp7
TABLE III

THREE SETS OF VALUE ASSIGNMENTS ABOUT n; = SAQ
Side-input of v4 |Side-input of vs |7+ | Implied value |Conflict

a e c v1 v3 |vg vy v2 b d v3
1 0 0 0 110 0 0
1 0 0 1 110 1 0 1
1 0 1 1 110 1 0 01 1

In Section III-A, we have demonstrated that there may be
multiple sets of fault-propagating values to propagate a fault
effect due to multiple combinations of the values of the side-
inputs. Hence, the sets of value assignments produced by
logic implication with a fault-activating value and different
combinations of fault-propagating values are intersected to
deduce actual MAs.

C. Overall Flow of the NM

The overall flow of the proposed NM technique in a DIG
is shown in Fig. 6. Given a node in the circuit as the target
node n;, we calculate MAs(n; = sa0) and MAs(n, = sal).
If conflicts occur during the MA computation, n, can be
replaced with the faulty value. If no conflict occurs, a node
with different values in MAs(n; = sa0) and MAs(n, = sal)
can be selected as the substitute node ng. Meanwhile, if there
exist multiple nodes satisfying Condition 1, we select the node
with the smallest size of MFFC as the ng, which implicitly
reduces the size and the depth of the circuit. Since the
proposed NM technique is only executed during the mutation
operation in the GA, which will be presented in Section IV,
n; is selected randomly.

We use an example to demonstrate the proposed NM
technique in a DIG as shown in Fig. 1(b). Consider that v3 is
selected as n,. Since the MA computation is dominator-based,
only the dominators of n; have to be considered, which are
v4 and vs. The side-inputs of v4 and vs5 are (x,z) = (a,e)
and (y,z) = (c,v1), respectively. According to different
types of side-inputs, to compute MAs(vs = sa0), there are
three combinations of value assignments to propagate the
fault effect: {(a,e) = (1,0),(c,v;) = (0,0)}, {(a,e) =
(1,0), (¢, v1) = (0, D}, and {(a, e) = (1,0), (¢, v1) = (1, D},
which are listed in Tables II and III. Table II lists the steps
of logic implication for each combination of values. The
last column specifies the implication rules applied, shown in
Fig. 5. For example, in the step (1) of the first combination
{(a,e) = (1,0), (c,v1) = (0,0)}, the assignment (a, v3) =
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(1, 1) implies v4 = 0 using the implication rule imp2. Table III
then summarizes the complete implied value assignments.
As indicated in Table III, the assignments in the 15! row
conflict such that they are discarded. Hence, MAs(v3 = sa0)
is obtained by the intersection of the assignments in the
second row and third row, which are {v; = 1l,a = 1,e =
0,v1=1,v4 = 0,v5=1,v; = 0}. We then use the same
procedure to get MAs(v3 = sal) = {v3 = 0,a = l,e =
0,c=1,v1 =0,v4 =0, vs =0}. As a result, v; and vs have
different values between the two sets of MAs, which can be
selected as the candidates of the substitute node. However,
since replacing v3 with vs will form a feedback loop in the
circuit, we select v rather than vs as the substitute node to
replace the target node v3.

NM is a strategy to ensure that the circuit size will shrink
after the operation. Meanwhile, NM offers flexibility between
efficiency and optimality. The complexity for computing the
value of every node in MAs(n; = sav) is as higher as perform-
ing a full simulation on the circuit. Even when considering
only dominators, the computation for MAs still requires at
most 3" iterations when n, has n dominators. This is because
each dominator needs to consider up to three conditions to
propagate the stuck-at fault. To elevate efficiency, we set a
window for NM. This window covers nodes from [lywindow
levels before n; to lwindow levels after n;, and the total
number of nodes within this window is less than nwindow-
When computing MAs, we only consider the nodes within
this window. The dominators and ng must also fall within this
window. When there are many dominators within the window,
we consider only one dominator at a time.

IV. ALS oN DIGS
A. Overall Algorithm

The overall algorithm of our GA-based ALS approach is
shown in Algorithm 1. First, the circuit undergoes a node to
constant phase. After performing node to constant, we evaluate
the resulted circuit’s ER. If the ER does not exceed the
predefined ER constraint &, we retain the modified circuit.
Next, the circuit is encoded as a chromosome, followed by the
generation of an initial population consisting of 8; individuals.
Subsequently, k individuals are selected based on their fitness
values.

After this phase, the iteration phase, as shown from Lines 8
to 26, begins. In this phase, crossover and mutation operations
are performed. The crossover operation produces S, individu-
als. In addition, for each parent, 8,, individuals are generated
through mutation. Consequently, B, + k - B, offspring are
produced in one generation. Both the offspring and the parents
are then evaluated to select the top k individuals, which will
serve as the parents for the subsequent generation. Before
proceeding to the next generation, the algorithm adjusts the
next mutation level (ML) based on Algorithm 2 as shown in
Line 20.

The proposed algorithm continues until the termination
condition is met. In addition, we maintain the legal individual
with the smallest size as shown from Lines 15 to 19 during
each generation. In the final phase of our ALS, we perform
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Algorithm 1 Overall Algorithm

Input circuit, p, €, Am, B1, Bes Bm and k ;
1: circuity; < NODE-TO-CONSTANT (circuit, p);
- if circuity’s error < ¢ then

2

3 circuit <— circuityc ;

4: end if

5: orig < ENCODE the circuit ;

6: candidates < INITIALIZE g; individuals with orig;
7

. parents < SELECT k fitter individuals from

candidates;

8: while TERMINATION CONDITION is not satisfied do

9 offspring <— CROSSOVER from parents to pro-
duce B individuals;

10: for pr € parents do

11: of fspring < MUTATE from pr to produce S,
individuals;

12: end for

13: append parents to of fspring;

14: parents < SELECT £k fitter individuals from
of fspring;

15: for pr € parents do

16: if pr’s ER < eandpr’s AR < best’s AR then

17: best < pr;

18: end if

19: end for

20: SELF-ADJUSTED ML(\,,, of fspring);
21: end while

22: circuity;e < NODE-TO-CONSTANT(best, p);
23. if circuit,;.’s error < & then

24: best < circuity ;

25: end if

26: return best;

node to constant again to further reduce the size of the circuit
and re-evaluate the error. If the resulting circuit meets the ER
constraint ¢, it is retained as the final best approximate circuit.

B. Node to Constant

In a circuit, there may be some nodes close to a constant
value (0 or 1). Therefore, if we can identify these nodes and
replace them with the constant values, the circuit size can
be minimized without introducing many errors. Furthermore,
since GA is a search algorithm, using this step can narrow the
search space and increase the efficiency of GA.

We employ random simulation to determine whether a
node approximates constant values. This involves applying a
different set of random input patterns, Xpe, to the original
circuit and counting the number of values 0 and 1 in each
node, denoted as |0] and |1], respectively. If the probability of
a node being 0 ((|0]/|Xn])) is = p, we replace it with the
constant 0. Conversely, if the probability of a node being 1
((11/1 Xnec])) is = p, we replace it with the constant 1. Here,
p is a user-defined parameter.

C. Encoding Scheme

In GA, we encode each approximate circuit as a chromo-
some, where a chromosome is composed of multiple genes.
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g6 g7 g8 g9 210
(b)  [a234]b126]a265]al75]i965]

g6 g7 g8 g9 £10
(d)  [a234] 2126526 | c165[h938)

Fig. 7. Example of encoding a circuit as a chromosome and one of
its individuals in the initial population. (a) Circuit represented in DIG.
(b) Corresponding chromosome. (c) One of its generated individuals in the
initial population is represented in DIG. (d) One of its generated individuals
in the initial population is represented in a chromosome.

S e
-
acahoae e
EaR s

Fig. 8. 16 different gate types used in our encoding scheme.

First, we label each node in the circuit, including primary
inputs (PIs) and constant value nodes, if any, in the topological
ordering with a unique integer ID, as shown in the example of
Fig. 7(a). The PIs and constant value nodes will be positioned
at the forefront of the topological ordering, but inverters are
excluded. Then, we define genes as Dot gates within the DIG.
The encoding of the gene g; with ID i is as shown as follows:

gi = (t,u,v,m) max(u,v,m,|Pl|+|const]) <i (4)
where ¢ is the gate type and u, v, and m are the IDs of
the fanins of g;. |PI| and |const| are numbers of PIs and
constant value nodes in the circuit, respectively. The gate types
are summarized in Fig. 8. All the gate types are three-input
gates, including input-negated or output-negated variants of
Dot gates. Fig. 7(b) illustrates the chromosome corresponding
to the circuit in Fig. 7(a). Taking g7 from Fig. 7(b) as an
example, denoted as (b, 1, 2, 6), where b represents input-x-
negated version of Dot gate, and 1, 2, and 6 represent that the
inputs x, y, and z of the Dot gate are connected to the PI with
ID 1, the PI with ID 2, and g¢, respectively.

Loop prevention can be achieved through topological order
numbering for IDs and our encoding scheme with (4). The
encoding scheme ensures a valid combinational structure and
allows for the change of the function in the gene’s location
by varying the gate type and input permutation. This scheme
facilitates the exploration of functions within the NPN equiv-
alence class [8], [15] of the Dot function. Most importantly,
this encoding scheme is a one-to-one correspondence between
chromosomes and approximate circuits, meaning that a chro-
mosome can be decoded back to a unique circuit structure.
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g g7 gs ) g10
chromosome A (5234 [ ¢526 [ 5275 d185] f739 ]

g6 g7 8s 89 810
chromosome B (c234 [ 5623 | f215 [g125] 5793

2 g7 28 29 210
chromosome € (c234 [ 5623 [ 5275 | d185 5793
Fig. 9. Example of the crossover operation on two chromosomes, where

chromosome A and chromosome B are parents and chromosome C is the
generated offspring.

D. Initial Population

Since GA requires generating a set of diverse individuals
initially, which is called the initial population, we can modify
the chromosome of the original circuit to create such a set.
The process of generating one individual is conducted as
follows: we randomly select a gene position i and split the
chromosome into two parts at i. We then randomly select one
part and generate a new set of genes satisfying (4) to replace
all the genes in this part of the chromosome. For example,
in Fig. 7(c) and (d), suppose i = 8, the chromosome is
divided into two parts: [ge, g7, g8] and [gsg, g9, g10]. Suppose
the latter part is selected, all the genes in this part are replaced
by randomly generated genes, (j,5,2,6), (c,1,6,5), and
(h, 9, 3, 8), respectively.

With this setup, some genes may become inactive. A gene
within a chromosome is active if, when decoded back to a
circuit, there is a path from the gate corresponding to the
active gene to at least one PO. Conversely, if a gene is inactive,
there is no path from the gate corresponding to the gene to
any PO. Inactive nodes represent the absence of the nodes in
the corresponding positions, meaning the number of active
genes in a chromosome exactly represents the area (node
count) of the individual circuit. By introducing perturbations
to the chromosome, we can generate a set of individuals with
varying degrees of structural differences and diverse node
counts from the original circuit. Note that to determine the area
of the circuit represented by a chromosome, we can apply a
depth-first search from the POs to assess the number of active
nodes for each chromosome.

E. Crossover and Mutation

Our crossover operation proceeds as follows: for each
chromosome A, we randomly pair it with another chromosome
B as parents to generate a new offspring represented by
chromosome C. For each g; in chromosome C, we randomly
choose one gene either from chromosome A or B in the same
gene position i. In the example shown in Fig. 9, the offspring
chromosome C inherits gg and g9 from A and g¢, g7, and g1o
from B.

Our mutation operation is as follows: we randomly select
Am active genes within a chromosome as the targets for
mutation. For each target gene, we will either 1) turn it inactive
by rewiring all of its fanouts to any other node; 2) randomly
rewire one of its fanins; or 3) randomly change its gate type.
We explain these actions using the example in Fig. 10. Assume
that we would like to turn gg of this chromosome inactive by
action (1). We rewire each fan-out of gg¢, which are g7, gs,
and g1, to any other node, as shown in Fig. 10(b). On the
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g6 g7 23 g9 £10
(@ [(a234[h126[a265]al75][a965]
g6 g7 g8 g9 £10
(b) (a234]h123[a235]al75]a945]
g6 g7 g8 g9 £10

(c) (a234[b123]a235]al65]a945)

Fig. 10. Two examples of the mutation operations. (a) Original chromosome.
(b) Mutated chromosome with respect to (a). (c) Mutated chromosome with
respect to (b).

other hand, an inactive gene may be turned active again by
action (2). As shown in Fig. 10(b), ge is initially inactive.
If we select g9 to be mutated, there is a possibility of turning
g6 active again by rewiring one of gg9’s fanins to gg, as shown
in Fig. 10(c).

Unlike other greedy ALS methods, allowing the circuit
size to increase in our algorithm—specifically, permitting an
inactive node to become active again—may help the algorithm
avoid getting stuck in a local optimum.

FE. Fitness Function

Each chromosome’s fitness value is calculated based on a
fitness function for assessing the quality of the individual. The
individuals with higher fitness values will be selected to be
the parents in the next generations to carry out crossover and
mutation operations. The fitness function in our approach is
defined as follows:

Fitness; = ! (®)]
WE - g(ER) - (ER + ARHD) + W, - AR
where AR is the area ratio between the approximate circuit
and the original circuit. Wg and Wy are the weights for error
evaluation and area evaluation, respectively. g(ER) is a penalty
function with ER as its variable.

The weights Wg and W, are used to provide the config-
urability to adjust whether the algorithm should focus more
on reducing the area or minimizing the error. The ARHD
is incorporated into the fitness function to differentiate indi-
viduals with distinct numbers of erroneous POs. This idea
aims to enhance the precision of the fitness value. Since
we prefer to retain circuits with fewer erroneous POs for
offspring generation, as this implies fewer error sites in the
circuit, we use ARHD as a secondary error metric. Instead
of using the Hamming distance directly, ARHD ensures that
the influence of the primary metric, ER, is not overshadowed.
By incorporate ARHD into the fitness function, individuals
with higher ARHD will result in a lower fitness value, thereby
decreasing their chances of survival. g(ER) is used to penalize
the individuals with an ER exceeding the constraint. Its
function is defined as

(ER) 1, if ER <¢ ©)
& N eF:TR, if ER > ¢

where ¢ is the ER constraint. An exponential function, eER/8),

is used to impose a significantly large penalty when the ER
exceeds ¢.

Although our approach mainly focuses on logic synthesis
for reducing the area of DIG circuits, we can extend the fitness
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function to incorporate the depth of the circuits as well. Our
fitness function can be modified to include the depth of the
circuits as follows:

1

1
Fitness; + Wp-DR

Fitness, =

)

where DR is the depth ratio between the approximate circuit
and the original one. Wp is the weight for the depth ratio in
the fitness function.

Furthermore, when NMED is used as the error evaluation
metric, the fitness function and the penalty function in our
approach are defined as follows:

1

Fitness; = ®)
WE - g(NMED) - NMED + W4 - AR
1, if NMED < ¢
g(NMED) = NMED . (9)
e ¢ , iIf NMED > ¢

where & represents the NMED constraint. Similar to the
ER-based fitness function, the penalty function increases expo-
nentially as NMED exceeds the constraint.

G. NM-Enhanced Mutation

In GA, the removal of gates is in a random manner,
causing the algorithm to explore an unknown search space.
Because GA operations can change the circuit structure and
may generate more different do not cares, NM may utilize
these do not cares to shrink the circuit size without affecting
the circuit’s functionality. Unlike other optimization methods,
NM can maintain the topological ordering of the circuit. This
means that individuals modified by NM can be iterated in
the subsequent generations within GA because the encoding
style remains consistent with the original one. Therefore,
we develop an NM-enhanced mutation (NM-M) to increase
the effectiveness of our GA.

In the action (1) of mutation, if the chromosome is legal,
i.e., an individual’s ER is lower than the ER constraint, we first
use NM to assist the mutation. This means that we treat the
selected gene as n; and compute its MA. If n; is successfully
found, the mutation is finished, and the ER of the chromosome
remains unchanged, thus ensuring the chromosome is legal.
If ny cannot be found, the random mutation method will be
applied.

Although the process of NM consumes more time as com-
pared with random mutation, it can reduce the overall time GA
spends. As illustrated in Fig. 3(b), NM advances the solution
from point A to point S: reducing the area but not increasing
the ER, which pushes the solution closer to the Pareto front.

H. Self-Adjusted ML

To improve the scalability of our algorithm, we allow the
algorithm to self-adjust its ML based on the quality of the
population in each generation. Specifically, if the population
in the current generation has a lower average ER, we will
permit more genes, indicated by A, to be mutated during
the mutation operation. Conversely, if the population’s average
ER in the current generation is higher, the number of genes
subjected to mutation will be decreased.
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Algorithm 2 Self-Adjusted ML
1: if AvgER < AvgERj,y then
2 Am = Am+ 1) x 1.3
3: else if AvgER > AvgERp;g, then
4: A= Op—1) x0.7;
5. end if

The algorithm of self-adjusted ML is shown in Algorithm 2,
where AvgER denotes the average ER of the mutated individu-
als in the current generation. AvgER,,, and AvgERy;,}, denote
user-defined thresholds for determining when AvgER is low
or high, respectively.

V. EXPERIMENTAL RESULTS

We implemented the proposed approach using C++ [3].
The platform is an Intel Core i7-11700 2.5 GHz running
Ubuntu 22.04 LTS with 32-GB memory. We adopted circuits
that have been converted into DIG from the EPFL 2015 [5]
in [29] as our benchmarks [1]. In [29], to demonstrate the high
expressive ability of DIG, they alternatively performed 4-LUT
mapping and exact node resynthesis on the benchmarks [5]
until the circuit size could no longer be reduced. Therefore,
we consider these benchmarks to be well-optimized circuits.

Unless otherwise specified, the parameters of the experi-
ments were set as follows: the number of patterns for error
evaluation |X| = 122880, the number of sampling patterns
in node to constant phase |Xp| = 122880, the probability
threshold in node to constant phase p = 100% — ¢ x 0.1,
ER constraint ¢ = 5%. The parameters for GA were set as
follows: the initial value of A\, = 1, 8; = 500, 8. = 300,
Bm =2, and k = 300. The thresholds for ML self-adjustment
were as follows: AvgER,,, = & and AvgERy,, = ¢ x 2.
The parameters for the window of NM were set as follows:
lwindow = 5 and nywindow = 300. The weights in the fitness
function were as follows: Wg = 1 and W4 = 100. The
termination condition for the GA was set as follows: the
algorithm terminates when the best chromosome for each
generation remains unchanged for 50 consecutive generations,
or when the 3600-s time limit is met.

A. Effectiveness of the Proposed Approach

In the first experiment, we compared our ALS approach
with the one proposed by Su et al. in [42]. Su et al. [42]
can be considered as the state-of-the-art in ALS. In [42],
they estimated the error by applying different approximate
local transformations (ALTs), which include removing literals,
removing nodes, etc., in each iteration. They used simulation
and logic implication to determine the impact of changes,
and record this information in a large matrix. Based on this
matrix, they greedily select the best ALT to apply to the circuit
iteratively. The iteration continues until applying the best ALT
on the circuit cannot meet the given ER constraint.

The experimental results are shown in Table IV. Columns
1-4 list the information of the benchmarks, including their
name, the number of PIs and POs, depth, and size. Columns
5-9 list the results of our approach. Columns 10-14 list the
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TABLE IV
EXPERIMENTAL RESULTS OF PROPOSED ALGORITHM COMPARED WITH [42] UNDER ¢ = 5% AND TIME LIMIT = 3600 S
Benchmarks Ours [42]
Circuit [PI|/[PO]  Depth [Dot| | Depth [Dot| Reduc.(%) ER(%) Time(s) | Depth [Dot| Reduc.(%) ER(%) Time(s)
ctrl 7126 8 117 7 80 31.62 4.59 19.50 6 83 29.06 3.11 10.58
int2float 11/7 19 202 13 120 40.59 4.60 5.85 12 139 31.19 4.60 19.46
router 60/30 32 202 2 3 98.51 0.60 48.12 2 3 98.51 0.59 45.82
dec 8/256 3 304 3 297 2.30 0.00 50.12 3 292 3.95 4.69 353.84
adder 256/129 255 511 255 510 0.20 0.00 80.18 255 511 0.00 0.00 510.95
cavlc 10/11 19 644 21 539 16.30 4.95 109.56 20 535 16.93 4.99 20.96
priority 128/8 125 664 3 8 98.80 4.41 197.85 4 10 98.49 2.72 247.78
i2c 147/142 18 1,105 13 601 45.61 4.94 62.15 9 452 59.10 4.68 765.05
max 512/130 229 2,230 33 820 63.23 4.98 120.85 64 1,198 46.28 0.01 3,600.00
bar 135/128 11 2,246 14 1,978 11.93 0.00 34.72 14 1,977 11.98 0.01 2,980.56
sin 24/25 149 3,995 122 3,143 21.33 4.70 143.85 129 3,556 10.99 4.55 1,743.87
voter 1,001/1 64 7,385 45 5,210 29.45 0.24 237.95 41 5,125 30.60 0.17 2,460.43
arbiter 256/129 63 8,515 21 1,719 79.81 4.38 616.94 63 8,214 3.53 0.01 3,600.00
square 64/128 251 12,743 251 12,741 0.02 3.34 1,607.11 251 12,743 0.00 0.00 3,600.00
sqrt 128/64 6,045 17,027 | 4,356 12,172 28.51 484 2,680.85 | 4216 12,398 27.19 0.01 3,600.00
multiplier 128/128 261 17,273 261 17,273 0.00 0.00 394.46 263 17,227 0.27 0.00 3,600.00
log2 32/32 318 23,144 295 19,434 16.03 4.85 734.48 318 23,089 0.24 0.01 3,600.00
mem_ctrl | 1,204/1,231 130 37,114 48 16,456 55.66 478  3,600.00 60 21,547 41.94 0.01 3,600.00
div 128/128 4,401 43,421 893 5,509 87.31 4.80 3,600.00 | 3,097 14,832 65.84 0.01 3,600.00
Average - 652.68 9412.74 | 350.32 5190.16 38.28 3.11 754.98 | 464.58 6522.68 30.32 1.59 1,997.86
TABLE V Their areas were reduced, but the depth was increased. The

COMPARISON OF EXPERIMENTAL RESULTS OF [42] UNDER ¢ = 5% AND
TIME LIMIT = 7200 S, AND OURS UNDER TIME LIMIT = 3600 s

Circuit Do Reduc. ER  Time |AReduc.|AReduc.
(%) (%) (s) 3600s Ours
max 802 64.04 440 5464.60| 17.76%| 0.81%
arbiter | 7,828  8.07 0.01 7,200.00| 4.53% | -71.74%
square [12,743  0.00 0.00 7,200.00| 0.00% | -0.02%
sqrt 12,398 27.19 0.01 7,200.00| 0.00%| -1.33%
multiplier [ 17,183  0.52 0.00 7,200.00| 0.25%| 0.52%
log2 23,072 0.31 0.01 7,200.00 0.07% | -15.72%
mem_ctrl | 21,332 42.52 0.01 7,200.00| 0.58% | -13.14%
div 14,832 65.84 0.01 7,200.00| 0.00% | -21.47%

results of [42]. The program from [42] is publicly available
at [2] and can accept DIG circuits as input. However,
since some benchmarks caused the program to timeout
without producing results, we modified the code to ensure it
reports the best solution achieved at the time of the timeout.
Subsequently, the output is mapped into a DIG and optimized
using the method in [29].

According to the experimental results, our approach
achieved an average reduction of 38.28% node count, which
is higher than 30.32% achieved by [42]. As for the average
CPU time, our approach required less than half of theirs, with
754.98 s compared to 1997.86 s. For some arithmetic bench-
marks, such as adder, square, and multiplier, both approaches
cannot reduce the node count. In addition, we can see that for
larger circuits, such as max and those from arbiter to div, their
method failed to progress after it reached an ER of 0.01%.
This was possibly due to their greedy strategy, which caused
the algorithm to get stuck in a local optimum. On the other
hand, instead of continuously reducing the circuit size, our
approach allows perturbations to escape from the local optimal
points. For the depth of the circuits, our approach reduces the
average circuit depth from 652.68 to 350.32, whereas [42]
achieves only 464.58. Although depth was not considered
in this experiment of our approach, we observe that higher
area reductions may usually lead to higher depth reductions.
However, it is not the case for the benchmarks cavic and bar.

reason is probably because our approach produced solutions
along the Pareto front and prioritized the one with the lower
area.

Considering that the benchmarks exceeding the time limit
might need more CPU time, we conducted the second exper-
iment, where we extended the time limit to 7200 s, and
conducted their method again. The experimental results are
shown in Table V. Columns 2-5 list the results of resultant cir-
cuits. Column 6 lists the difference in reduction ratio compared
to the results under the original 3600-s time limit. Column
7 lists the difference in reduction ratio compared to our results
under the 3600-s time limit. According to Table V, we can see
that only max and multiplier successfully produced smaller
circuits, less than 1%, under the 7200-s time limit as compared
to our approach. However, for the other benchmarks, their
results were still inferior to those achieved by our approach.

To further validate the effectiveness of the proposed GA,
we conducted the third experiment by setting ¢ = 10%. The
results are shown in Table VI. The experimental results show
that with a more relaxed ER, smaller sizes of resultant circuits
can be achieved in most cases. Moreover, as compared to [42],
our approach performed better, achieving a higher average
reduction ratio of 41.35% compared to 33.44%, as well as a
lower average CPU time of 1011.32 s compared to 2026.42 s.
It is worth noting that for router, both approaches produced
circuits that only consist of constant value nodes, resulting in
zero circuit depth and zero circuit size. However, due to the
difference in constant values of the resultant circuits, the ER
differ slightly with values of 7.02% and 6.81%, respectively.

To include circuit depth into our consideration, we con-
ducted the fifth experiment. We used the fitness function shown
as (7) in our approach. The weights in the fitness function
were as follows: Wg = 1, W4 = 50, and Wp = 50. The
ER constraint ¢ was set to 5%. The experimental results are
shown in Table VII. We compared these results with those
from our previous experiments shown in Table IV. Columns
2 and 3 list the results of resultant circuits. Column 4 lists
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TABLE VI
EXPERIMENTAL RESULTS OF PROPOSED ALGORITHM COMPARED WITH [42] UNDER ¢ = 10% AND TIME LIMIT = 3600 S
Benchmarks Ours [42]
Circuit [PI|/[PO|  Depth |Dot| | Depth |[Dot| Reduc.(%) ER(%) Time(s) | Depth [Dot] Reduc.(%) ER(%) Time(s)
ctrl 7126 8 117 6 77 34.19 9.43 41.96 6 84 28.21 9.30 6.15
int2float 11/7 19 202 11 69 65.84 9.85 32.77 10 93 53.96 8.29 13.95
router 60/30 32 202 0 0 100.00 7.02 0.03 0 0 100.00 6.81 360.31
dec 8/256 3 304 3 287 5.59 6.19 25.27 3 279 8.22 9.82 352.56
adder 256/129 255 511 255 510 0.20 0.00 10.28 254 510 0.20 6.23 536.84
cavlc 10/11 19 644 19 523 18.79 9.94 34.29 21 416 35.40 9.84 36.09
priority 128/8 125 664 3 6 99.10 6.19 277.98 2 3 99.55 6.17 24791
i2c 147/142 18 1,105 14 452 59.10 8.84 486.30 9 360 67.42 9.61 857.25
max 512/130 229 2,230 22 799 64.17 8.60 269.90 65 1,184 4691 0.07 3,600.00
bar 135/128 11 2,246 14 1,978 11.93 0.00 28.37 15 1,976 12.02 6.27 3,066.44
sin 24/25 149 3,995 122 3,149 21.18 9.84 606.74 127 3,490 12.64 9.96 1,689.58
voter 1,001/1 64 7,385 45 5,158 30.16 9.33 390.84 43 5,138 30.43 7.08 2,534.81
arbiter 256/129 63 8,515 21 1,680 80.27 9.90 1,052.53 63 8,223 3.43 0.04  3,600.00
square 64/128 251 12,743 251 12,740 0.02 9.83 1,201.01 251 12,743 0.00 0.00 3,600.00
sqrt 128/64 6,045 17,027 | 4,433 12,155 28.61 9.89 3,600.00 | 4211 12,137 28.72 0.01 3,600.00
multiplier 128/128 261 17,273 261 17,272 0.01 9.47 650.46 263 17,227 0.27 0.00 3,600.00
log2 32/32 318 23,144 295 19,061 17.64 9.82 3,306.44 318 23,108 0.16 0.01 3,600.00
mem_ctrl | 1,204/1,231 130 37,114 53 16,267 56.17 8.34  3,600.00 60 21,547 41.94 0.01 3,600.00
div 128/128 4,401 43,421 661 3,210 92.61 7.40 3,600.00 | 3,095 14,843 65.82 0.01 3,600.00
Average - 652.68 9412.74 | 341.53 5020.68 41.35 7.89 1011.32 | 464.00 6492.68 33.44 471 2026.42
40.00% 140.00%
TABLE VII 35.00% — - = 120.00%
EXPERIMENTAL RESULTS OF THE PROPOSED ALGORITHM WITH CIRCUIT 30.00% - 100.00%
DEPTH CONSIDERED IN THE FITNESS FUNCTION UNDER ¢ = 5% AND 25.00% 80.00%
TIME LIMIT = 3600 s 2000 snomme Time Ratio
- @ DR oo :;zz:i: e
Cireuit Depth |D0t| DR( /0) Table IV i Ours Ours w/o  Ours w/o Ours w/o Self-
ctrl 8 89 | 100.00%  87.50% 12.50% NM-M  ARHD adjusted ML
int2float 13 132 | 68.42%  68.42% 0.00% Fig. 11.  Average node count reduction rates and average time ratios from
router 3 4 9.38% 6.25% 3.13% the ablation experiments.
dec 3 304 | 100.00% 100.00% 0.00%
adder 255 511 | 100.00% 100.00% 0.00%
cavle 17 5811 89.47% 11053% -21.05% Fig. 11. The left vertical axis indicates the average node count
priority 3 7 2.40% 2.40% 0.00% L . . . . ..
e 3 77 | 1222%  7220% 0.00% ratio, which is defined as the ratio of the reduced circuit size
max 28 875 | 12.23% 14.41%  -2.18% to the original circuit size, averaged across all benchmarks.
bar 14 1978 | 127.27% 127.27%  0.00% The right vertical axis indicates the average time ratio, which
sin 132 3247 | 88.59%  81.88% 6.71% . . .
voter 4 5245 | 64.06% 7031%  -6.25% is the ratio of CPU time compared to the complete approach,
arbiter 17 1604 | 26.98% 3333%  -6.35% averaged across all benchmarks.
square 251 12743 1 100.00% 100.00%  0.00% According to Fig. 11, we can see that NM-M leads to better
sqrt 4356 12172 | 72.06%  72.06% 0.00% . ..
multiplier %1 17273 | 100.00%  100.00% 0.00% outcomes. The average node reduction ratio increased from
log2 277 20338 | 87.11% 92.77%  -5.66% 33% in the approach without NM-M to 38% in the complete
mef;-cm 46 17598 | 35.38%  36.92%  -1.54% approach, while the average time ratio decreased from 107%
Avelr‘;ge 3315.22 555909.2; 12'93%3 20'297? _Z:ig;‘j to 100%, respectively. This indicates that although NM-M

the depth ratio of the resultant circuits to the original ones.
Column 5 lists the depth ratio using the depth values of the
resultant circuits under our approach in Table IV. Column
6 lists the difference between the values in Columns 4 and
5. According to the experimental results, the average circuit
depth decreased from 350.32 to 331.95, whereas the average
circuit size increased from 5190.16 to 5550.47. We believe
that this is because the algorithm considers depth optimization
rather than solely minimizing circuit size.

B. Effectiveness of NM-M and GA Elements

Our approach integrates several elements, such as NM-M,
ARHD, and self-adjusted ML. To recognize their contributions
to our approach, we conducted an ablation experiment, where
each element was removed individually while keeping the
others unchanged. The experimental results are shown in

requires additional computation, it assists GA in finding better
solutions more quickly within the given constraints and offers
better overall performance. For the experimental results of
removing ARHD, the reduction ratio decreased by 3% to 35%.
This indicates that ARHD is effective for the selection of
individuals. As for the experimental results of removing the
self-adjusted ML, the CPU time increased to 123% compared
to one of the complete approach, while the node reduction
ratio decreased from 38% to 36%. This is because the ML
was dynamically adjusted across different circuit sizes and
could adapt by observing the mutation results in each iteration,
allowing the approach to find the optimal solution more
efficiently.

C. Statistical Evaluation of ALS Results

Since our approach involves randomness, we performed
multiple runs of our approach and report the mean and
standard deviation for the node count and depth. The number
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TABLE VIII

MEAN AND STANDARD DEVIATION OF EXPERIMENTAL RESULTS OF THE
PROPOSED ALGORITHM OVER MULTIPLE RUNS UNDER ¢ = 5% AND
TIME L1MIT = 3600 S

Circuit Depth Por [Dot Por
L T-O o

A %)
ctrl 7.31 1.01  75.00 85.94 3.13  68.75
int2float 14.06 1.06 87.50 111.69 10.33  62.50
router 2.38 0.50 62.50 3.38 0.50 62.50
dec 3.00 0.00 100.00 303.56 1.75 93.75
adder 255.00  0.00 100.00 510.94 0.25 93.75
cavlc 18.31 0.79 93.75 541.75 9.53 56.25
priority 300 0.73 68.75 7.06 0.77 62.50
i2¢ 12.13 1.36  87.50 526.19  41.24 68.75
max 29.81 4.65 62.50 827.13 10.32  62.50
bar 1494 025 93.75| 1950.56 7.38 93.75
sin 122.38 1.50 93.75| 3180.25 36.80 75.00
voter 4594  2.05 81.25| 513556  20.22 93.75
arbiter 18.56  4.13 62.50| 1568.88 113.23 75.00
square 251.00  0.00 100.00 | 12742.06 044 81.25
sqrt 324730 766.53 70.00 | 8672.40 2424.79 70.00
multiplier | 261.00  0.00 100.00 | 17273.00 0.00 100.00
log2 300.50  3.81 81.25(19995.13 371.63 68.75
mem_ctrl 47.50 1.91 78.57 | 14985.79 930.59 64.29
div 788.13 82.59 68.75| 497575 461.73 75.00
Average - - 75.16 - - 8249

of samples we used was 30, which means that we performed
the approach for 30 times. The results are shown in Table VIII.
Columns 2 and 3 list the mean value (u) and standard
deviation value (o) of circuit depth, respectively. Column
4 lists the P+, value, which represents the percentage of the
samples that fall within one standard deviation from the mean,
ie., [u — o, u + o]. Columns 5-7 list the corresponding
values for the node count. Based on the 68-95-99.7 rule,
if the results follow a normal distribution, the P 4+, value
should be greater than 68% approximately. According to the
experimental results, we observed that for more than half of
the benchmarks, the P,i, values for both depth and node
count exceed 68%, indicating that the approach produces
stable outcomes for these benchmarks. However, for some
benchmarks, the P+, values for either depth or node count
fall below 68%, indicating higher variability. On average, the
P,,+o values for both depth (75.16%) and node count (82.49%)
exceed the expected 68%.

D. Effectiveness of the Proposed Approach Under NMED
Constraint

We also conducted the experiments where NMED is the
error constraint. As NMED is commonly used for arithmetic
circuits, we conducted experiments only on the arithmetic
circuits from [1]. Since the program from [42] is not applicable
to DIG circuits under NMED constraints, we modified the
experimental setup. In [42], the results were reported after
technology mapping using the MCNC Library [53]. There-
fore, although Dot gates are typically expected to be used
in VNWFET technology, for comparison purposes, we also
mapped our results using the MCNC Library in the same
manner. The results are shown in Table IX. We conducted
experiments under two NMED constraints: 0.2% and 0.02%.
Columns 2 and 3 list the area and delay of the original bench-
marks mapped using the MCNC Library. Columns 4-6 list the
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results of our approach under the NMED constraint of 0.2%.
Columns 7-9 list the results of the method proposed in [42].
Columns 10-15 list the corresponding results under the NMED
constraint of 0.02%. The area ratio and delay ratio refer to
the ratios of the area and delay of the mapped circuits to
the original circuit’s area and delay, respectively. In addition,
it is worth mentioning that for the div benchmark, the output
numerical value is defined as the summation of the quotient
and remainder. According to the results, for all the EPFL
benchmarks, the method in [42] failed to produce a circuit
within the given runtime limit, as it either terminated without
producing better results or timed out without generating any
output. This suggests that the EPFL benchmarks are too large
to be efficiently handled by the method in [42] under the
NMED constraints. To further assess the comparison, we addi-
tionally selected three small arithmetic circuits from [42]
with area falling into three ranges: less than 1000, between
1000 and 2000, and greater than 2000. These benchmarks are
sad, ksa32, and eudist, as shown in the last three benchmarks
of Table IX. The final row of the table reports the average area
ratio and average CPU time across these three benchmarks.
Under the 0.2% NMED constraint, our approach yielded an
average area ratio of 67.47% compared to 66.49% for the
method in [42]. However, our approach required significantly
less CPU time, 434.09 s on average, as compared to the
method in [42], 3249.15 s on average. Under the stricter 0.02%
constraint, our approach achieved better average area ratio
(74.27% versus 77.64%) while still using much less CPU time,
886.96 s on average, compared to 2667.69 s for [42].

E. Comparison With the ALS Method for Selection of
Multiple Changes Per Iteration

In the last experiment, we compare our approach with the
method proposed in [49], where multiple approximate changes
are applied to the circuit within a single iteration, and strategies
are introduced for selecting these changes to accelerate the
overall algorithm. In the experiments in [49], they selected
several arithmetic benchmarks from the EPFL benchmarks in
AIG format and performed their method under an ER con-
straint of 0.1%. They reported their results in terms of area and
delay, both normalized to the area and delay of the INV_X1
gate in the MCNC Library [53]. Since our original approach
appeared aggressively under such a tight error constraint,
0.1%, we adjusted our approach by gradually relaxing the
error constraint, i.e., executing our method sequentially with
error constraints of 0.02%, 0.05%, 0.08%, and 0.1%, in this
experiment. The experimental results are shown in Table X.
Columns 2 and 3 list the area and delay of the benchmarks
mapped using the MCNC Library. Columns 46 list the results
of our approach, while Columns 7-9 list the results of the
method proposed in [49]. It is worth to note that the data
in Columns 2, 3, and 7-9 are identical to those reported
in [49]. The experimental results show that, on average, our
approach achieves approximately 7% improvement in area
and 5% improvement in delay. As mentioned in Section I,
the method in [49] aimed to identify a set of conflict-free
independent approximate changes per iteration and applied
some of them in a greedy manner to reduce circuit size until no
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TABLE IX

EXPERIMENTAL RESULTS OF THE PROPOSED ALGORITHM UNDER NMED CONSTRAINT AND TIME LIMIT = 3600 s

NMED constraint = 0.2%

NMED constraint = 0.02%

Benchmarks Ours [42] Ours [42]
L Area Delay . Area Delay . Area Delay . Area Delay .
Circuit | Area  Delay | p o) Ratio@®) ™) | Ratio(%) Ratio®) ™) | Ratio(%) Ratio@@) M) | Ratio(%) Ratio(%) Lme(®)
max | 4448 4854 2531 696 TI10.17| 10000 10000 3370 2790 686 270415 100.00 10000 3232
square |37.927 400.8| 9999 5664 3600.00| 100.00 10000  3494| 9994  56.64 3600.00| 10000 10000  36.98
sqrt | 44512 3,568.1 231 257 34865| 10000 10000  660.05 343 496 745.19| 100.00 10000  665.80

div 47,081 3,420.0 30.02 31.16 3,600.00 | 100.00 100.00 3,600.00 41.26 39.56 3,600.00 | 100.00 100.00 3,600.00
multiplier | 56,653  427.8 82.45  104.02 3,600.00| 100.00  100.00

95.67 82.80  104.58 3,600.00 | 100.00  100.00 95.22

sad 999 70.9 79.58 51.64 295.01 5546  117.80 2,568.50 82.88 91.82  281.49 83.98 58.39  803.07
ksa32 1,128 27.0 42.20 7172 332.65 48.58 62.22 3,585.14 56.29 89.26  424.04 51.68 61.11 3,600.00

eudist 2,731 87.3 80.63 6222 674.61 95.42 61.63 3,593.80 83.63 97.82 1,955.34 97.25 61.63 3,600.00
Average - - 67.47 - 434.09 66.49 - 3249.15 74.27 - 886.96 77.64 - 2667.69
TABLE X [9] Y.-C. Chen and C.-Y. Wang, “Fast detection of node mergers using logic

EXPERIMENTAL RESULTS OF THE PROPOSED ALGORITHM COMPARED

WITH [49] UNDER ¢ = 0.1%

Benchmarks Ours [49] [10]
Area  Delay Area Delay Time
Circuit Area Delay | Ratio Ratio Time(s) | Ratio Ratio )
(%) (%) (%) (%) ) [11]

div 47,081 3,420.0 3578 3994  7,185|2693 2722 8,703

log2 | 64914 5412 |76.63 76.87 4,217 |90.60 94.38 4,535

sin | 12,169 254.8 | 76.63  76.92 8329658 9670 sgo 12
sqrt 44,512 3,568.1 | 74.63 100.98 5,684 | 7830 79.56 5,556
square | 37,927  400.8 | 92.20  73.60 893 [99.78 9895 617
Average - (7107 73.66 3,162 | 7844 79.36 4000  [13]
[14]
further reduction is possible. In contrast, our approach allows
arbitrary changes to the circuit and provides opportunities for [15]
recovering deleted nodes, enabling a nongreedy strategy. These
are critical elements enabling our approach to achieve better
results. [16]
VI. CONCLUSION AND FUTURE WORK [17]

In this article, we propose an ALS approach—-NM-enhanced
GA-based ALS, with an emphasis on reducing the size of
DIG circuits while maintaining acceptable ERs. By integrating  [18]
NM with GA, we demonstrate a significant improvement of

our

approach on ALS. Our future work is to enhance the [19]

effectiveness of NM and to integrate don’t-cares-aware GA
operations into our approach.
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